For highly perforated domains the paper addresses a novel approach to study mixed boundary value problems for the equations of linear elasticity in the framework of meso-scale approximations. There are no assumptions of periodicity involved in the description of the geometry of the domain. The size of the perforations is small compared to the minimal separation between neighbouring defects and here we discuss a class of problems in perforated domains, which are not covered by the homogenisation approximations. The meso-scale approximations presented here are uniform. Explicit asymptotic formulae are supplied with the remainder estimates.
Introduction
Meso-scale approximations have been introduced and rigorously studied in [18, 22, 24] . Physical applications in composite systems in electromagnetism were also addressed in the earlier papers [7, 8] . The study of Green's kernels as well as asymptotic analysis of solutions to eigenvalue problems for dense arrays of spherical obstacles was performed in [28] . Compared to classical homogenisation approaches (see [3, 29, 10] ), the meso-scale approximation does not require any constraints on periodicity of the microstructure, and it is uniformly valid across the whole domain, including neighbourhoods of singularly perturbed boundaries.
Prior to the development of the meso-scale asymptotic approach, many papers and monographs (see, for example, [5, 6, 11, 12] ) have appeared which model singular perturbations of various domains. Examples include domains with irregular boundaries, thin components or domains containing either a single small defect or several defects. The method of compound asymptotic expansions of solutions to such problems is described in [26, 27] . In particular, for domains with small defects, asymptotic approximations have proven to be superior to the finite element method (FEM), even when the overall number of defects is chosen to be large [19] . For domains with perforations, the approximations presented in [26, 27] use model problems posed in the domain without defects and problems posed in unbounded domains, in the exterior of individual inclusions. Integral characteristics of the defects are used here in connection with the energy of model fields in the exterior domains. For rigid inclusions we refer to the capacity of the inclusions, whereas for voids we use the dipole matrix, that correspond to the Dirichlet and Neumann boundary conditions, respectively.
The method of compound asymptotic expansions has also led to the development of uniform approximations for Green's kernels for domains with small defects for the Laplacian, corresponding to a variety of boundary value problems involving rigid inclusions [14, 15] , voids [17] and soft inclusions [21] . Approximations for Green's kernels in long rods have also appeared in [16] . There also exist several approximations for Green's tensors of vector elasticity for solids with rigid inclusions [19, 20] and holes with traction free boundaries [23] . Meso-scale approximations of Green's function for the Laplacian in a solid with rigid boundaries has been derived in [18] .
A systematic presentation of the theory of meso-scale approximations in densely perforated domains is given in the recent monograph [23] . In particular, it was demonstrated that uniform meso-scale asymptotic approximations are of high importance for the analysis of fields in solids containing non-uniformly Recently, the method used to develop meso-scale approximations for scalar problems posed in solids with many small voids and inclusions has been extended to the Dirichlet problem of elasticity in solids with a cloud of rigid inclusions [24] . In the present paper the approach of [23] is applied to a mixed boundary value problem of vector elasticity in an elastic solid, which contains a cloud of many voids whose boundaries are traction free. The number of voids is denoted by N 1. Each void is a concentrator of stress, and analysis of boundary layers is carried out in terms of special classes of dipole fields, which characterise the shape of voids and elastic properties of the material. The schematic representation of the porous solids with a cloud of N voids is shown in Fig. 1 . Two small parameters are introduced as the normalised diameter of a void and the minimal distance between neighbouring voids within the cloud.
Let Ω be a bounded domain in R 3 representing an elastic solid. Contained in Ω are many small voids,
ε , 1 ≤ j ≤ N whose diameters are characterised by the small parameter ε and that occupy a set ω ⊂ Ω representing a cloud of voids. The sets Ω and ω (j) ε , j = 1, . . . , N, are assumed to have smooth boundaries. In addition, the minimum distance between the centres O (k) , 1 ≤ k ≤ N, of each void is connected with another small parameter d. The geometry of the elastic solid with many small perforations will be described by the
ε . In the framework of vector elasticity, the Lamé operator and the operator connected with the application of external tractions will be denoted by L(∇ x ) and T(∇ x ), respectively.
The displacement field u N satisfies the governing equations of static elasticity:
is a vector function representing the action of body forces inside the perturbed solid, that satisfies the constraints ω ∩ supp f = ∅ and dist(supp f, ∂ω) ≥ C, with C being a positive constant independent of ε and d. The construction of the approximation for u N presented here depends on several model fields:
1. the solution u of the problem in Ω without any voids, 2. the regular part H of Green's tensor in Ω,
3. a matrix function Q (k) that solves a Neumann problem in the exterior of the scaled void ω (k) whose columns are known as the dipole fields for the elastic void; a re-scaling is applied to obtain Q (k) ε for the small void ω ε for the small void ω ε is constructed from M (k) by re-scaling. The geometry of the voids is assumed to be chosen so that the maximum and minimum eigenvalues λ ε satisfy the inequalities 4) for k = 1, . . . , N, where C 1 and C 2 represent different positive constants.
For convenience of notations, we also use the vector E of normalised elastic strain, corresponding to the displacement field u, so that E(u) = Ξ(∇ x )u, where Ξ is the linear matrix differential operator.
The constant vector V and matrices M and S are also used in the approximation for u N :
where O 6×6 is the 6 × 6 null matrix; also in the text below I n×n will stand for the n × n identity matrix. The main result of this article is the uniform asymptotic approximation of the displacement field u N , as presented in the following theorem: Theorem 1 Let the small parameters ε and d satisfy the inequality
with c being a sufficiently small constant. Then the approximation for u N is given by
where C = ((C (1) ) T , . . . , (C (N) ) T ) T solves the linear algebraic system
and for the remainder R N , the energy estimate holds
Here Const in the above right-hand side is independent of ε and d.
This representation (1.6) is uniform and it engages several classes of model fields, which are independent of the small parameters ε and d (also see [23] ).
The structure of the paper is as follows. Main notations are introduced in Section 2. Model problems used to approximate u N are introduced in Section 3. The formal approximation of u N is then provided in Section 4. This approximation relies on the solution of the algebraic system (1.7) and the solvability of this system is studied under the constraint (1.5) in Section 5. Then, in Section 6, the energy estimate (1.8) for the remainder of the approximation is proved. Simplified asymptotic approximations for u N are then given in Section 7. Following this, conclusions and discussion are given in Section 8. Appendix A contains a local regularity estimate used in the proof of the energy estimate (1.8). In Appendix B, a detailed proof of intermediate steps used to show the solvability of (1.7) is presented. Finally, in Appendix C, we show that for certain geometries, dipole characteristics can be constructed in the closed form for the case of spherical cavities and explicit representations are given.
Geometry of the perforated domain and main notations
A domain Ω ⊂ R 3 will be used to denote the set corresponding to an elastic solid without holes, with smooth frontier ∂Ω. For a small positive parameter ε > 0, the open set ω (j) ε is defined in such a way that it contains an interior point O (j) , has smooth boundary ∂ω (j) ε and a diameter characterised by ε. The collection of sets ω (j) ε , 1 ≤ j ≤ N, will represent the small voids contained inside the set Ω that are subject to some further geometric constraints discussed below. In this way, we define the perturbed geometry
ε . It is also assumed that a small parameter d characterises the minimum distance between points in the array {O (j) } N j=1 , and that this minimum distance is 2d. Another geometric constraint is the assumption of the existence of a set ω that satisfies
It is also useful to introduce the matrix functions:
These matrices satisfy the conditions
where I n×n and O n×n are the n × n identity and null matrices, respectively. The matrices ξ and Ξ also lead to a compact form of the first-order Taylor approximation for a vector
and allow the Lamé operator L(∇ x ) to be defined as
The corresponding traction operator T n (∇ x ) is then
which will be applied on the boundary of an open set with n being the unit-outward normal to the set. 
and
, where J (i) is the i th column of this matrix, is
and this plays a role in the description of the overall moment acting on an elastic body. It is noted that
The strain and stress vectors denoted by E and N, respectively, are defined by and can also be introduced through the matrix operator (2.1) as
for a vector function v. Note also that the quantity S(U) = tr(e(U)e(U)) can also be represented as
Model fields
In this section, we discuss the model fields used in the meso-scale approximation of u N in detail. We begin with an introduction of fields defined in the unperturbed set Ω:
1. The solution of the exterior Dirichlet problem. The vector field u is a solution of
where f satisfies the same conditions as in the statement of problem (1.1)-(1.3), and the same notation will be used to represent the extension of f by zero inside the voids ω
2. The Green's tensor for the solid Ω. The notation G will refer to the Green's tensor in the domain Ω, that is a solution of
and satisfies the homogeneous Dirichlet condition
The regular part H of this tensor is represented by
where Γ is the Kelvin-Somigliana tensor
The above problem then implies that H(x, y) = (H(y, x)) T , x, y ∈ Ω.
Next, we introduce the boundary layer fields for the small voids, known as the dipole fields [17, 25] :
3. The dipole fields for the voids. In the construction of the boundary layers for the asymptotic algorithm in the vicinity of the void ω
ε , the physical fields known as dipole fields, will play an essential role. They are defined as functions of the scaled variable ξ j = ε −1 (x − O (j) ) outside of the scaled set ω (j) = {ξ j :
ε }. The dipole fields form the columns of the 3 × 6 matrix Q (j) where
where n (j) is the unit outward normal to R 3 \ω (j) .
The right-hand sides in the Neumann boundary condition (3.8) are subjected to the constraints that the total force on boundary ∂ω (j) and the resultant moments are zero:
A special matrix M (j) , with constant entries, is also required to construct the leading order behaviour of the matrix Q (j) at infinity and this is called the dipole matrix. The behaviour of Q (j) far away from the void ω (j) is described in the next lemma (see [17, 25] ).
Lemma 1 For |ξ j | > 2 the matrix Q (j) admits the form
Formal meso-scale approximation for u N
In this section, the derivation of the meso-scale asymptotic approximation for u N in Theorem 1 is formally derived. First we note that in what follows, we will need the matrices Q (j)
. According to [17, 25] , the dipole matrix M (j) is symmetric negative definite.
In the next Lemma and the following text the notation Const will represent different positive constants independent of the parameters ε, d and N.
The meso-scale approximation for the displacement field u N is now defined by Lemma 2 The formal approximation of u N is given in the form
where the coefficients C (j) satisfy
The remainder R N is a solution of the boundary value problem for the homogeneous Lamé equation in Ω N , with the mixed boundary conditions:
where the right-hand sides satisfy the estimates
and φ (j) , 1 ≤ j ≤ N, fulfil the orthogonality conditions
Proof. The orthogonality conditions (4.5) follow from (4.1), the Betti formula and the model problems introduced in Section 2.
According to problem 1, Section 2, the vector function 6) satisfies the homogeneous Lamé equation for x ∈ Ω N . Since both u N (x) and u(x) satisfy the homogeneous Dirichlet condition on ∂Ω, then R
N (x) = O, for x ∈ ∂Ω. Next consider the tractions of the R
N on ∂ω
ε . This condition, using Taylor's expansion about x = O (j) takes the form
An approximation for R (1) N is then sought as
The goal is now to determine the vector coefficients C (k) , 1 ≤ k ≤ N, to complete the formal approximation. It is noted that the remainder in (4.8) is a solution of
and from the boundary condition for regular part H of Green's tensor (see (3. 3)-(3.5)), the exterior Dirichlet condition for R N is
where Lemma 1 has also been used. In order to derive the vector coefficients C (j) , 1 ≤ j ≤ N, the tractions on the interior boundaries for R N should be considered. For x ∈ ∂ω
ε , according to (4.7)
Condition (3.8) and Lemma 1 then provide a simplified form of the above traction condition on ∂ω
Applying the Taylor expansion once more about x = O (j) gives
Thus, we can remove the leading order discrepancy in the preceding boundary condition by allowing C (j) to satisfy the system of equations 
Algebraic system for C (j) and its solvability
Before presenting the energy estimate for the remainder R N , the solvability of the algebraic system (4.2) is discussed in this section under the constraint that ε < c d. We first introduce some notations to simplify the analysis. Using the following vectors,
and the 6N × 6N symmetric matrices:
the equations (4.2) can be written as
Solvability of the algebraic system (5.1)
Here, a result concerning the solvability of the system (5.1) is proved:
Lemma 3 Let the parameters ε and d satisfy the inequality
where c is a sufficiently small constant. Then, the linear algebraic system (5.1) is solvable and
where the strain vector E(u(x)) is defined in (2.4).
Proof. By taking the scalar product of (5.1) with MC and using the Cauchy inequality we deduce
Note that the term MC, SMC admits the form
In Appendix B, it is shown that (5.5) satisfies
Returning to (5.4), this can then be used to establish that
We note that
and since the eigenvalues of the dipole matrices −M
Estimate (5.3) now follows from (5.2) and (2.5). The proof is complete. 2
Energy estimate for the remainder R N
With the formal meso-scale asymptotic approximation of u N in place, the energy estimate for the remainder term R N in Theorem 1 is now obtained.
Lemma 4
Let the parameters ε and d satisfy the inequality
where c is a sufficiently small constant. Then the remainder term R N satisfies the energy estimate
where the constant in the right-hand side is independent of ε and d.
Prior to the proof of Lemma 4 and Theorem 1 we introduce several auxiliary notations.
Auxiliary functions
In this part of the proof, auxiliary functions will be introduced that will allow the remainder R N to be estimated. The first functions to be considered are the cut-off functions whose supports are located in the vicinity of the boundaries of Ω N .
Namely, the cut-off function χ
2ε . A cut-off function χ 0 is also required and will allow for certain domains of integration to be concentrated near the boundary ∂Ω. With the set V δ = {x ∈ Ω : 0 < dist(x, ∂Ω) < δ} we define χ 0 ∈ C ∞ 0 (V ), where V = V 1/2 . The function χ 0 is equal to 1 on V 1/4 , and zero when x ∈ Ω\V. Now vector functions Ψ k , k = 0, 1, . . . , N, are introduced that satisfy the conditions:
Such functions will take the representations
With these choices for the functions Ψ k , 0 ≤ k ≤ N, it can be verified that they indeed satisfy (6.2) and (6.3). Also note that for k = 1, . . . , N it can be checked that
In the sequel, we also use the same notation R N to denote the extension of the remainder into the regions [30] . Later, the constant vectors
will also be required. Using these constants, a rigid body displacement can be constructed in the form
Estimate for the energy in terms of the functions Ψ k
Here it is shown that
First, set
Note that according to (6.2) and (6.3), W = O for x ∈ ∂Ω and T n (∇ x )U = O, for x ∈ ∪ N k=1 ∂ω (k) ε . As a result, after applying Betti's formula, it is possible to show that
Recall the supports of the cut-off functions χ 0 and χ (k) ε , k = 1, . . . , N do not intersect, and R N satisfies the homogeneous Lamé equation in Ω N . Thus after replacing U and W with their definitions in (6.12), the preceding identity reduces to
which can be further simplified by expanding the left-hand side using the linearity of the stress and strain tensors to give the inequality
where
Next, to derive (6.11), Σ j , j = 1, 2, 3 are estimated.
Estimate for Σ 1
The term Σ 1 , by the Cauchy inequality and the Schwarz inequality, admits the estimate
Here, the quantity S(U) is defined in (2.6). Since the inequalities
hold for a vector function v, it can then be asserted from (6.17), (6.18) and (6.16) that
Estimate for Σ 2
Note that 20) where the definitions of r (k) and R N (k) are found in (6.7) and (6. ε as follows:
The first integral on the right is zero since all rigid body displacements are solutions of the homogeneous Lamé system. They also produce zero traction and this together with the definition of χ
and owing to (6.6) the right-hand side is zero. In addition to (6.20) , the next identity is also true
where similar to (6.7) and (6.8)
Here (6.22) follows from applying the Betti formula inside B
ε and making use of the fact that R N is a solution of the homogeneous Lamé equation in Ω N and that it satisfies the conditions (4.5).
Therefore, the term Σ 2 in (6.15), in combination with (6.20) and (6.22) , is also written as
(6.23)
The Schwarz inequality followed by the Cauchy inequality shows that Σ 2 is majorised by
where R N has been smoothly extended inside ω
(6.24) Next as a result of condition (6.9), the Friedrichs inequality can be used, similar to [9] , to give the estimate
This argument together with (6.18) and (6.23) shows that
By computing derivatives and taking into account the definition of the cut-off functions χ k , k = 1, . . . , N, an estimate for the second integrand on the right can be established in the form
3ε has been used. Thus, (6.27) together with the application of the Poincaré inequality and the Friedrichs inequality inside
Combined with (6.26) and the fact that
, (6.28) then yields
(6.29)
Estimate for Σ 3
Owing to the Betti formula, Lemma 2 and the assumption that the support of the cut-off function χ
3ε , we deduce
It then follows that
The symmetry of the functional on the right-hand side implies
After applying the Cauchy and Schwarz inequalities to (6.31) and combining the result with (6.30), it can be derived that
where S(U) is given in (2.6). Then (6.17) and (6.18) provide
Here, as a result of the inequality
for any vector function v and scalar function u, it can be asserted that
Again applying the Poincaré inequality and the Friedrichs inequality in B (k)
3ε to the first integral on the above right-hand side (similar to (6.24) and (6.25)) gives
This estimate together with (6.33) yields
(6.34)
Proof of (6.11)
Therefore (6.14), (6.15), (6.19), (6.29) and (6.34) assert that
As a result of (2.6), for a vector function v
and this with the definition of χ 0 and (6.35) yields (6.11).
Proof of Lemma 4 and Theorem 1. Estimation of the energy for R N
The inequality (6.11) leads to
Owing to the representation of Ψ 0 in (6.4) and Lemma 1, the term K admits the estimate
where the last estimate has been obtained through the Cauchy inequality. Since dist(∂Ω, ∂ω) ≥ 1, the final estimate for K, after applying Lemma 3, is
To estimate L, the Taylor approximation is used to expand the first-order derivatives of the function u about
A local regularity estimate for the second-order derivatives of the components of u inside ω then leads to
By using the boundary condition for the regular part H (see Section 3), the term M can be written in the form
Next, using Lemma 1 and the Taylor expansion about x = O (k) of the second-order derivatives of the components of G, establishes the estimate
Lemma 3 then yields the final estimate for M:
Since the derivatives of the components of H are bounded within the cloud ω, we deduce
The energy estimate contained in Lemma 4 is then proved by combining (6.41), (6.42), (6.44), (6.45) and (6.36). 2 Now we prove Theorem 1. It remains to consider the formal approximation for u N in Lemma 2, which relies on the solvability of a particular algebraic system (1.7). The solvability of this system was proved in Lemma 3, which together with the energy estimate in Lemma 4, proves Theorem 1. 2
Illustration: Simplified asymptotic formulae
In this section, we present simplified asymptotic formulae for u N in the far-field region away from the cloud of voids and also in the case when an infinite elastic medium containing the cloud is considered. It is also shown in Appendix C that for spherical voids, the model boundary layers of Problem 3 of Section 3 can be constructed explicitly in the closed form, along with the dipole matrices for these spherical cavities.
Far-field approximation to u N
Given the dipole matrices M (k) ε , 1 ≤ k ≤ N, the asymptotic formula (1.6) of Theorem 1 is simplified under the constraint that the point of measurement of the displacement is distant from the cloud of voids.
Corollary 1 Let dist(x, ω) > 1. The asymptotic formula for u N admits the form
where C (k) , k = 1, . . . , N, satisfy the system (1.7),
and R N satisfies (1.8).
Proof. Formula (7.1) follows from Lemma 1.
2
It is noted that in the simplified representation 
It is noted that the matrix M (k) ε for the spherical cavity in the infinite space is negative definite. Thus (7.2), (7.3), together with Corollary 1 gives the far-field approximation for u N in an elastic solid containing a cloud of arbitrary spherical cavities.
Far-field approximation for u N in an infinite elastic medium with a cloud of voids
Here we consider the problem when Ω = R 3 , so that
ε is the infinite space containing a cloud of voids.
In this scenario, we search for the approximation to u N which is now a solution of the problem:
The vector function f is also supplied with the conditions that
and the support of f, as before, is chosen to satisfy dist(∂ω, supp f) = O(1). Finally, before stating results concerning the approximation of u N , we further introduce some model quantities. We require the field u which solves the problem (3.1) and (3.2), and that is also supplied with the additional condition of decay at infinity (7.6). The matrix
is also needed in the next result. We note that in the considered case the regular part H ≡ 0, so that Green's tensor in Ω is G ≡ Γ, the Kelvin-Somigliana tensor, which is defined in (3.6). First, as a direct consequence of Corollary 1 we have Corollary 2 Let dist(x, ω) > 1, then the asymptotic formula for u N admits the form
where 8) and R N satisfies (1.8).
Once again, the dipole matrix for a spherical cavity (see (7. 2), (7.3)) can be used with (7.7) to describe the far-field behaviour of u N in an infinite elastic space containing a cloud of spherical cavities.
Uniform approximation for u N in the infinite elastic space containing a cloud of voids
Corollary 2 can be extended to a uniform approximation u N , satisfying (7.4), (7.6), inside
Corollary 3 Let the small parameters ε and d satisfy the inequality
where c is a sufficiently small constant. Then the approximation for u N is given by 10) and R N satisfies (1.8). ε in Appendix C is readily applicable here.
Concluding remarks
A uniform asymptotic representation for a solution of a mixed boundary value problem of elasticity has been constructed and justified for a solid containing a cloud of many voids. This extends significantly the results of the papers [18, 22, 24] on meso-scale asymptotic approximations of fields in domains with multiple defects. It is worth noting that the asymptotic representation (1.6) of Theorem 1, contains an important information about the dipole fields of a meso-scale cloud of voids. In addition to the sum of individual contributions from the dipole fields of small voids, we have also obtained a term characterising a mutual interaction between the voids, which is often neglected in the dilute approximation procedures. This result is significant in the area of applications linked to non-destructive testing of porous solids, where a position of a cloud and its composition can be identified through the use of the asymptotic formula (1.6) accompanied by the boundary measurements for different test loading conditions.
It is also essential to note that the meso-scale approximation (1.6) is valid for different shapes of small voids when ε < Const d, for a sufficiently small constant, and this surpasses the range of applicability of the homogenisation approximations.
Appendix A: Local regularity of solutions to the homogeneous Lamé system
Here, a result concerning the estimate for the derivatives of the solution to the homogeneous Lamé system via their anti-derivatives is derived:
be a solution of the homogeneous Lamé system in a domain Ω and let B R ⊂ Ω, with B R = {x : |x| < R}, then the estimate
holds.
The proof of the last estimate uses the mean value theorem for vector functions satisfying the homogeneous Lamé system, as discussed below and in [4] . Proof of (A. and combining these with (A.4) yields the local regularity estimate (A.1). The proof is complete. 2
B.2 Auxiliary integral identities
Now the Poisson-type representations for the second-order derivatives of Green's tensor are in place, further identities are now derived which are used in the proof Lemma 9, in the next section. From here, we will also make use of the vector and matrix functions hold.
Proof. We prove (B.7) and note that the identity (B.8) is proved in a similar way with obvious modifications. Set
which is the same as the left-hand side in (B.7), with the assumption that the subscript indices in the above are free. The function f is then a 3 × 6 matrix whose columns satisfy the homogeneous Lamé system. Indeed, since after an application of the Lamé operator, it is possible to retrieve through the definition of G:
Now, when considering the cases W ∈ ∪ N j=1 B (j) and W ∈ Ω\ ∪ N j=1 B (j) , the definition of Θ shows that the above right-hand side is equal to O 3×6 .
Again the definition of G also ensures that f (W) = O 3×6 for W ∈ ∂Ω. An application of the Betti's formula to f (W) and Green's matrix G in Ω shows then shows that f (W) = O 3×6 for W ∈ Ω and the proof of (B.7) is complete. 
Therefore, consulting (B.9) it can be asserted that (B.11) holds. Thus the proof of the present lemma and (5.6) is complete. 2
